Abstract. The Bohnenblust-Hille inequality was obtained in 1931 and (in the case of real scalars) asserts that for every positive integer N and every m-linear mapping T :
Introduction
The Bohnenblust-Hille inequality (see [1] ), for real scalars asserts that for every positive integer N and every m-linear mapping T : ℓ T (e i1 , ..., e im )
The BohnenblustHille inequality has important applications in various fields of analysis. For details and references we mention [4] . When m = 2 it is interesting to note that the Bohnenblust-Hille inequality is precisely the well-known Littlewood's 4/3 inequality [8] .
Since the 1930's many authors have obtained estimates for upper bounds of C m in the case of real and complex scalars (see, e.g., [1, 2, 4, 5, 7, 9, 10] ). The constants of the polynomial version of the Bohnenblust-Hille inequality (complex case) were recently investigated in [3] . Until now, the more accurate upper bounds for C m (real case) were given in [10] However, and to the best of our knowledge, there is absolutely no work presenting estimates for (non-trivial) lower bounds for the constants C m . In this short note we obtain lower bounds for C m which we believe are (specially) interesting for the cases m = 2, 3, 4, 5.
In the following e k denotes the kth canonical vector in R N .
2. The case m = 2
Note that T 2 = 2. In fact,
and since T 2 (e 1 + e 2 , e 1 + e 2 ) = 2 it follows that T 2 = 2. Now the inequality 
can be re-written as
Since it is well-known that C 2 ≤ 2 1/2 , we conclude that C 2 = 2 1/2 , but this result seems to be already known.
The case
We have
Since T 3 (e 1 + e 2 + e 3 , e 1 + e 2 + e 3 , e 1 + e 2 + e 3 ) = 4, then T 3 = 4. Also
T 3 (e i1 , e i2 , e i3 ) In this case, let us consider
+ (w 1 − w 2 ) (z 3 + z 4 ) (x 5 y 5 + x 5 y 6 + x 6 y 5 − x 6 y 6 ) +(z 3 − z 4 ) (x 7 y 7 + x 7 y 8 + x 8 y 7 − x 8 y 8 ) .
As in Sections 2 and 3 we see that T 4 = 8 and from (1.1) we obtain
Hence C 4 ≥ 2 3/4 ≈ 1.681.
The general case
From the previous results it is not difficult to prove that in general
for every m ≥ 2. Indeed, let us define the m-linear forms T m : ℓ
where
and B is the backward shift operator in ℓ 
This induction argument shows that T m ≤ 2 m−1 for all m ∈ N. Using a similar induction argument it is easy to prove that T m (x 1 , . . . , T m (e i1 , ..., e im )
To finish we shall prove that |T m (e i1 , ..., e im )| is either 0 or 1 and that |T m (e i1 , ..., e im )| = 1 for exactly 4 m−1 choices of the vectors e i1 , . . . , e im . Working again by induction, the reader can easily check that the latter is true for m = 2 (see Section 2). If we assume that the result is true for m − 1 and e i1 , . . . 
Final remarks
Notice that our estimate 2 m−1 m seems inaccurate as m → ∞ since it is a common feeling that the optimal values for the constants C m should tend to infinity as m → ∞. However, and as a matter of fact, we must say that this common feeling seems to be just supported by the estimates of the upper bounds for C m obtained throughout the last decades, but there seems to be not any particular result supporting this "fact". In any case (and at least for m = 2, 3, 4, 5) our estimates are clearly interesting. Summarizing: C 2 = √ 2 1.587 ≤ C 3 ≤ 1.782 1.681 ≤ C 4 ≤ 2 1.741 ≤ C 5 ≤ 2.298. We also conclude that C 3 > C 2 , which seems to be not known until now.
